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Abstract The revised Landau hydrodynamic model is used to discuss the pseudorapidity 
distributions of the produced charged particles in Au+Au and Cu+Cu collisions at energies of 
NNs  19.6 and 22.4 GeV correspondingly on the BNL Relativistic Heavy Ion Collider. It is 
found that the revised Landau hydrodynamic model alone can give a good description to the 
experimental measurements. This is different from that in the same collisions but at the maximum 
energy of NNs  200 GeV. Where, in addition to the revised Landau hydrodynamic model, the 
effects of leading particles have to be taken into account in order to explain the experimental 
observations. It can be attributed to the different degrees of transparency of participants in 
different incident energies. 
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1 Introduction 
Relativistic hydrodynamics provides us a theoretical framework for describing the motion of 
a continuous flowing medium. It is now widely used to depict various processes for system large 
to the whole universe and small to the matter created in high energy heavy ion collisions. The 
experimental observations of the matter produced in collisions, such as the elliptic flow, the 
single-particle spectra, and the two-particle correlation functions have indeed shown the existence 
of a collective effect similar to an almost perfect fluid motion [1-4], and can be reasonably well 
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reproduced by hydrodynamic approach. This gives us a confidence to believe that the relativistic 
hydrodynamics might be one of the best tools for description of the space-time evolution of the 
matter generated in collisions. Hence, in recent years, the relativistic hydrodynamics has become 
one of the most active research areas, and has got more and more experimental approvals [5-25]. 
A direct application of the hydrodynamic model is the analysis of the pseudorapidity 
distributions of the produced charged particles in heavy ion collisions. A wealth of such 
distributions has been accumulated in experiments [26-31]. In our previous work [6, 7], by taking into 
account the contributions from leading particles, we have once successfully used the revised 
Landau hydrodynamic model in describing the experimental measurements carried out by 
PHOBOS Collaboration in Au+Au and Cu+Cu collisions at the maximum energy of NNs  200 
GeV on RHIC (Relativistic Heavy Ion Collider) at BNL (Brookhaven National Laboratory). 
Where, the leading particles, as usual, mean the particles which inherit the quantum numbers of 
colliding nucleons and carry off most part of incident energy. They are then in the large rapidity 
regions. In Refs. [6, 7], we once argued that these leading particles have the Gaussian rapidity 
distribution with the normalization constant being equal to the number of participants. This 
argument is essential in explaining the pseudorapidity distributions of produced charged particles 
in Au+Au and Cu+Cu collisions at NN 200s  GeV. Now, what we are concerned is that whether 
or not the model can still work at low energy. In this paper, we shall use the model to Au+Au and 
Cu+Cu collisions at energies of NNs  19.6 and 22.4 GeV correspondingly at BNL-RHIC 
[26, 27]. 
We can see that, unlike the cases at energy of NNs  200 GeV, the revised Landau 
hydrodynamic model alone can describe well the experimental data at the stated low energies. 
2 Model descriptions 
The revised Landau hydrodynamic model is based on the following assumptions. 
(1) The hot and dense matter created in collisions is taken as a massless perfect fluid, which 
meets the equation of state 
              =3P ,                                                  (1) 
where   is the energy density, and P  is the pressure. This assumption is now well favored by 
experimental observations [1-4]. The investigations of the lattice gauge field theory have also 
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shown that the above relation is approximately relevant for the matter with temperature 
240T  MeV [32, 33]. 
(2) During the process of expansion, the fluid quickly achieves local thermal equilibrium. 
The expansion is adiabatic, and the number of the produced charged particles is proportional to 
entropy [34, 35]. This means that the entropy in each fluid element or in the whole fluid body is 
conserved during the hydrodynamic evolution, and the total number of the observed particles can 
be determined from the initial entropy of the system. 
(3) The expansion of fluid undergoes the following two stages [34, 35]. Stage 1: During the fast 
longitudinal expansion along colliding direction (taken as z axis), there is a simultaneous slow 
transverse expansion, and the expansions in these two directions advance independently. Stage 2: 
As the transverse displacement of a fluid element arrives at the initial transverse dimension of the 
colliding region, the pressure in this fluid element may be neglected. Its rapidity is frozen and 
therefore remains unchanged. It will have a conic flight with a certain polar angle. The rapidity of 
the observed particles is determined by that of the fluid element at freeze-out time.  
 The motion of the fluid observes the equation 
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is the energy-momentum tensor. u  and  1,1,1,1diag g  are the 4-velocity and metric 
tensor, respectively. 
According to assumption (1) together with above two equations, we can get the expansion 
equation along longitudinal z direction as 
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where y  is the rapidity of the fluid element, and 
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is the thickness of the colliding region along z  direction for two equal nuclei with diameter d  
colliding at impact parameter b . NN p= 2s m  is the Lorentz contract factor, NN 2s  is the 
center-of-mass energy per nucleon, and pm  is the proton mass. 
For slow transverse expansion, it follows the equation 
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where v  is the transverse 3-velocity in the direction with the azimuthal angle  , and   is the 
transverse displacement in this direction. The solution of above equation is 
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where d  is the initial distance between the two corresponding points on the boundary of the 
colliding region at azimuthal angle  . It is a function of   and b .  
Furthermore, in accordance with assumptions (2) and (3), we can get the rapidity distribution 
of the produced charged particles as 
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where c is a normalization constant.   is a correction parameter representing the corrections for 
three factors: the initial configuration of the colliding region，the freeze-out condition, and the 
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assumption of a perfect fluid. For example, in calculations, the initial colliding region is taken as a 
cylinder with thickness bΔ , but the reality is that the initial colliding region possesses the shape 
of an almond being Lorentz contracted along its edge. Furthermore, the freeze-out of the fluid 
element is supposed to take place as    dt  . However, the reality may be somewhat different 
from that [36]. Finally, Eq. (8) is tenable only for a perfect fluid. In realistic case, this equation may 
have some changes. To take these uncertainties into account, we adopt parameter   to stand for 
the contributions from them. Since our theoretical knowledge has not advanced to such an extent 
to determine   in theory, it can now only be fixed by comparing with experimental data. 
Eq. (8) shows that the rapidity distribution of the produced charged particles takes on a 
Gaussian-like form, which is limited in the region of    ln 2 Δ ln 2 Δb bd y d     . The 
value of   influences the region of distribution. The larger is the value of  , the broader the 
rapidity distribution. 
Under a certain centrality cut, the value of   is affected by incident energy and nucleus 
size. For certain incident energy,   decreases with nucleus size. This is due to the fact that the 
region of rapidity distribution is mainly dependent on incident energy, and is almost independent 
of nucleus size. Nevertheless, Δbd increases with nucleus size. It is evident that, for a given 
nucleus,   increases with incident energy. 
For a given incident energy and nucleus,   increases with centrality cuts. This can be 
understood if we notice the fact that Δbd decreases with the increase of centrality cuts. For 
example, for Au+Au collisions at NNs  19.6 GeV, Δbd  decreases from   10.45 to 0  
for centrality cuts increasing from 0% to 100%. However, the regions of rapidity distribution 
almost remain unchanged for different centrality cuts.  
The total number of the produced charged particles in different azimuthal angles   is 
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It is a function of rapidity, impact parameter, and beam energy. 
3. Comparison with experiment data 
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Having the rapidity distribution of Eq. (9), the pseudorapidity distribution measured in 
experiments can be expressed as [37] 
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where Tp  is the transverse momentum, and 
2
T
2
T pmm   is the transverse mass. 
 
Fig. 1. The pseudorapidity distributions of the produced charged particles in different centrality Au+Au collisions 
at NNs  19.6 GeV. The scattered symbols are the experimental measurements 
[26]. The solid curves are the 
results obtained from the revised Landau hydrodynamic model of Eq. (9). 
 Experiments have shown that the overwhelming majority of the produced charged particles in 
heavy ion collisions at high energy consists of pions, kaons, and protons with proportions of about 
83%, 12%, and 5%, respectively [38]. Furthermore, the transverse momentum Tp  changes very 
slowly with centrality cuts. For a specific type of charged particle, it can be well taken as a 
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constant for centrality cuts from 0–55%. This constant is about 0.45, 0.65, and 0.93 GeV/c for 
pions, kaons, and protons, respectively. In calculations, the m and Tp  in Eqs. (10) and (11) take 
the values of 0.24 GeV and 0.47 GeV/c, which are approximately the mean values of those of 
pions, kaons, and protons. 
 
Fig. 2. The pseudorapidity distributions of the produced charged particles in different centrality Cu+Cu collisions 
at NNs  22.4 GeV. The scattered symbols are the experimental measurements 
[27]. The solid curves are the 
results obtained from the revised Landau hydrodynamic model of Eq. (9). 
Substituting Eq. (9) into Eq. (10), we can get the pseudorapidity distributions of the produced 
charged particles. Figures 1 and 2 show such distributions for different centrality Au+Au and 
Cu+Cu collisions at NNs  19.6 and 22.4 GeV, respectively. The scattered symbols are the 
experimental measurements [26, 27]. The solid curves are the results from the revised Landau 
hydrodynamic model of Eq. (9). The corresponding 2 NDF  is 0.1447, 0.0195, and 0.0052 for 
centrality cuts of 0-6%, 15-25%, and 35-45%, respectively, for Au+Au collisions at NNs  19.6 
 8 
GeV. For the same centrality cuts in Cu+Cu collisions at NNs  22.4 GeV, the 
2 NDF  is 
0.1013, 0.0421, and 0.0448, respectively. It can be seen that the theoretical results are very 
consistent with experimental measurements.  
In calculations, the correction parameter   in Eq. (8) takes the values of 1.22, 1.23, 1.34, 
1.44, and 1.58 for centrality cuts from small to large in Au+Au collisions at NNs  19.6 GeV.  
In Cu+Cu collisions at NNs  22.4 GeV,   takes the values of 1.30, 1.41, 1.52, 1.63, 1.76, and 
1.92 for centrality cuts from small to large. It can be seen that, for a given nucleus,  increases 
with centrality cuts, and for a given centrality cut,  decreases with nucleus size. This is 
consistent with the analyses presented above. 
4 Summary and discussions 
Without considering the effects of leading particles, the revised Landau hydrodynamic model 
itself can give a good description to the pseudorapidity distributions of the produced charged 
particles in Au+Au and Cu+Cu collisions at NNs  19.6 and 22.4 GeV accordingly at 
BNL-RHIC. This is different from the collisions at NNs  200 GeV, the maximum energy at 
BNL-RHIC, where the leading particles are essential in explaining experimental measurements. 
Why doe this difference happen? The answer lies in the degree of transparency of participants in 
different incident energies. It is known from Ref. [39] that, in Au+Au collisions at NNs  200 
GeV, the rapidity loss of participants is up to 2.4y  , then the leading particles should locate 
at 
 0 beam 5.36 2.40 2.96y y y      , 
which is close to the fitting parameter of 0 2.75y  in our previous work [6]. Hence, in collisions 
at NNs  200 GeV, the mid-rapidity region is nearly net baryon-free, or the participants are 
almost transparent. On the other hand, for collisions at low energies, the rapidity loss is about 
beam0.58y y  . Thus the leading particles should locate at  
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It is so close to the mid-rapidity that the leading particle effect is hidden by the large yield of 
charged particles. Hence, in collisions at low energies, the mid-rapidity region is high-baryon 
dense, or the participants are almost full stopping. 
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